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Abstract
For every distributive law between pseudomonads, the 2-category of pseudoalgebras for the
lifted pseudomonad is equivalent to the 2-category of pseudoalgebras for the composite pseudo-
monad.
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1. Introduction
Distributive laws between monads T and S were introduced by J. Beck in [1].
These laws involve a transformation ‘ :TS → ST , two commuting triangles and two
commuting pentagons. It is shown there, that distributive laws can be equivalently
expressed as monad structures on ST , and also, as liftings T̂ of the monad T to the
category of S-algebras. It is also shown that there is an isomorphism between the
category of T̂-algebras and the category of ST-algebras, where ST is the “composite”
monad.
The same program can be carried out for 2-monads and “strict” distributive laws.
However, as pointed out by G. M. Kelly [4], strict distributive laws are rather rare.
We thus study pseudodistributive laws, that is to say, we replace commutativity of the
triangles and the pentagons by isomorphisms satisfying certain coherence conditions,
see [6]. We cannot expect to obtain a composite 2-monad from such data. What we
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obtain is a pseudomonad (see [5]). So it makes sense to take pseudomonads from the
start and pseudodistributive laws between two of those.
In this paper, we show that the algebras behave much in the same way as they do in
the classical case of Beck, that is to say, the 2-category of algebras for the composite
pseudomonad, and the 2-category of algebras for the lifted pseudomonad are 2-adjoint
equivalent. We explain more precisely what we mean below.
In the original version of this paper I worked in a Gray-category as in [3], carried
out all the calculations, and showed that the corresponding 2-categories of algebras
are 2-adjoint equivalent. The referee pointed out that it would be enough to work in
the Gray-category Gray itself and then argue representably. What this means is the
following. Given pseudomonads D and U on the same object K in a Gray-category
A we can produce a composite pseudomonad V on K. Given another object X in the
Gray-category we obtain pseudomonads A(X;D) and A(X;U) on the hom 2-categories
A(X;K) and their corresponding algebras D-AlgX and U-AlgX. Using the distributive
law, we can produce a lifting pseudomonad DX on U-AlgX. Then the result of the
paper is that the 2-categories V-AlgX and D-AlgX are 2-equivalent.
The referee also suggested the use of the results in [2] to replace the rather lengthy
calculations, and that the bi-equivalence could be turned into a 2-equivalence with an
appropriate version of the main result in [2].
We thus work with two pseudomonads D and U on a 2-category, and a distributive
law between them. We produce the corresponding composite pseudomonad V and the
lifting D̂ of D to U-Alg. The description of the lifting D̂ given in Section 3 is a bit
diFerent from that given in [6]. The reason for this discrepancy is that, in that paper,
the lifting is produced from pseudomonads with compatible structures, whereas here we
pass directly from a distributive law to the lifting. Section 4 gives an explicit description
of the algebras for the pseudomonad D̂. We then show that the corresponding algebras
for the lifting are bi-equivalent to the algebras for the composite pseudomonad via the
results in [2]. In the last section we simply describe psudo 2-inverse to the comparison
functor.
I thank the referee for very helpful suggestions and comments.
2. Notation
As we mentioned in the introduction we will be working in the Gray-category Gray.
We will denote pseudomonads as in [6]. Given a pseudomonad
D= (D; d; m; D; 	D; 
D)
on the 2-category K, an algebra ’ in D-Alg consists of an object K , a 1-cell
’0 :DK → K and two invertible 2-cells
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all of these in K, satisfying the corresponding conditions given in [5]. An algebra ’′
will be deHned on K ′, ’′0 :DK
′ → K ′ as 1-cell and 2-cells ’′1 and ’′2.
A 1-cell  :’→ ’′ consists of a 1-cell 0 :K → K ′ and an invertible cell
satisfying the corresponding conditions from [5]. A 2-cell will be denoted by  :  →
′ :’→ ’′.
Similarly, given another pseudomonad
U= (U; u; n; U; 	U; 
U)
the objects will be denoted by  , where all the components of it appear in the diagrams
the 1-cells  :  →  ′, with 0 :K → K ′ and
2-cells are denoted by  : → ′ :  →  ′.
Distributive laws will be denoted as in [6]. If we have such a law r :UD → DU of
U over D, the objects, 1- and 2-cells of the 2-categories of algebras for the resulting
composite pseudomonad V=DU will be denoted by  : → ′ : → ′, with  deHned
on K and ′ deHned on K ′.
We will denote the corresponding pseudoadjunctions by
3. The lifting pseudomonad
Assume we have two pseudomonads D and U on a 2-category K, and a distributive
law r :UD → DU between them, as in Section 4 of [6]. We deHne the lifting D̂ of D
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to the 2-category U-Alg as follows. Given
in U-Alg, we deHne D̂( ) consisting of the following two 2-cells:
(1)
deHne D̂() as the pair consisting of D0 and the 2-cell
and D̂() = D.
Lemma 3.1. D̂ :U-AlgX → U-AlgX is a 2-functor.
Proof. We only show that the pair of 2-cells in (1) satisHes Eq. (12) of [5], leaving
the rest to the reader. The right-hand side of (12) in this case is
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Use (coh 4) of [6] on this diagram. Using the fact that  is a U-algebra, make the
substitution
Then make the substitution
DeHne the pseudonatural transformation d̂ : 1→ D̂ such that d̂ is the pair consisting
of dK and the 2-cell
and d̂ = d0 .
DeHne the pseudonatural transformation m̂ : D̂D̂ → D̂ such that m̂ is the pair con-
sisting of mK and the 2-cell
and m̂ = m0 .
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The modiHcations ̂, 	̂ and 




The proof of the following proposition is fairly easy:
Proposition 3.2. D̂ := (D̂; d̂; m̂; ̂; 	̂; 
̂) is a pseudomonad on the 2-category U-Alg.
We denote the corresponding pseudoadjunction by
4. The algebras for the pseudomonad D̂
We describe explicitly the 2-category D̂-Alg of algebras for the pseudomonad D̂.
An object ( ; ’; ) of D̂-Alg consists of
• An object  in U-Alg deHned on an object K .
• An object ’ in D-Alg deHned on K .
• An invertible 2-cell
satisfying the following three conditions:
I. a. (’0; ) : D̂ →  is a 1-cell in U-Alg.
I. b. ’1 : (’0; ) ◦ d̂ → Id is a 2-cell in U-Alg.
I. c. ’2 : (’0; ) ◦ D̂(’0; )→ (’0; ) ◦ m̂ is a 2-cell in U-Alg.
A 1-cell (; ) : ( ; ’; )→ ( ′; ’′; ′) consists of
• A 1-cell  :  →  ′ in U-Alg.
• A 1-cell  :’→ ’′ in D-Alg.
satisfying the following conditions:
II. a. 0 = 0 :K → K ′.
II. b. 1 : (’′0; 
′) ◦ D̂→  ◦ (’0; ) is a 2-cell in U-Alg.
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A 2-cell  : (; )→ (′; ′) : ( ; ’; )→ ( ′; ’′; ′) in D̂-Alg is a 2-cell  : 0 → ′0
that is simultaneously a 2-cell  :  → ′ :  →  ′ in U-Alg and a 2-cell  :  →
′ :’→ ’′ in D-Alg.
Horizontal and vertical compositions are the obvious ones.
5. The pseudomonad induced by F D̂FU  GUG D̂
We have the following composite pseudoadjunction:
that induces a pseudomonad. On the other hand we have the pseudomonad V induced
by the distributive law as in [6]. Performing the calculations we obtain:
Proposition 5.1. The pseudomonad induced by the pseudoadjunction FD̂FU  GUGD̂
is equal to V.
6. D̂-Alg and V-Alg are bi-equivalent
To conclude that the 2-categories of D̂-Alg and V-Alg are bi-equivalent, we will
use theorem 3.6 in [2], the version for psudomonads of Beck’s theorem. One way to
do this is to apply the result to the forgetful functor V-Alg → U-Alg. This follows
almost at once from the corresponding result for the forgetful functors V-Alg → K
and U-Alg→K. We are left however with the task of providing a pseudoadjoint for
V-Alg → U-Alg. To avoid the lengthy calculations that this requires, we will do the






is pseudomonadic. We already know that it has a left pseudoadjoint, namely FD̂FU.
It is clear that GUGD̂ reLects adjoint equivalences since both 2-functors involved do.
We are thus left with showing:
Proposition 6.1. D̂-Alg has pseudocodescent objects of GUGD̂-absolute codescent data
and GUGD̂ preserves them.
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Let X be the (pseudo)codescent data








( ′′; ’′′; ′′) (2)
in D̂-Alg, where ( ; ’; ) is deHned over K , ( ′; ’′; ′) is deHned over K ′ and ( ′′; ’′′;
′′) is deHned over K ′′, and where we have not named the corresponding 2-cells.










has an absolute (pseudo)codescent object
(4)










in U-Alg has (̂0; $) as a GU-absolute codescent object. Since GU creates codescent
objects of GU-absolute codescent data in U-Alg (proposition 3.2 in [2]), we can give
Q a unique (up to isomorphism) structure of U-algebra
and we can Hnd a 2-cell
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such that
is a codescent object of the codescent data (5) in U-Alg, where ̂= (̂0; ̂1).











This codescent data has a GD-absolute codescent object. As above, we obtain a code-
scent object
in D-Alg for the codescent data (6). (We have ̂0 = ̂0.)
We want to induce a 2-cell
such that ( ̂ ; ’̂; ̂) is an object of D̂-Alg. Since (4) is an absolute codescent object,
we have that UD applied to it is an absolute codescent object. We can thus induce a
unique ̂ as above such that
(7)
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Lemma 6.2. ( ̂ ; ’̂; ̂) is an object in D̂-Alg.
Proof. We already know that  ̂ is an object in U-Alg and that ’̂ is an object in
D-Alg. We need to show next that (’̂0; ̂) : D̂ →  is a 1-cell in U-Alg. We only
show that
Since UUD of (4) is a codescent object, it suNces to show that the above pastings are
equal when preceded by UUD̂0. Start on the left and use (7) to substitute U̂◦UUD̂0.
Do the same with ̂◦UD̂0. Substitute the pasting of r̂0 , UD̂−11 and r ̂ 0 by the pasting
of r−1 ′′0 , DU̂
−1
1 and rU̂0 . Use the fact that ̂ is a 1-cell in U-Alg to substitute the
pasting of D̂−11 , DU̂
−1




1 and Dn̂0 . Substitute
the pasting of Dn̂0 , r̂0 , Ur̂0 and w3Q by the pasting of !3K
′′, r̂0 and nD̂0 . Now
use the fact that ′′ deHnes a 1-cell in U-Alg to substitute the pasting of U′′, ′′, r−1 ′′0 ,
 ′′2 and !3K
′′ by the pasting of  ′′2 , n’′′0 and 
′′. Use (7) on the pasting of ′′, ̂−11 ,




1 by the pasting of






In much the same way it can be shown that ’̂1 : (’̂0; ̂) ◦ d̂ ̂ → 1 ̂ and ’̂2 : (’̂0; ̂) ◦
D̂(’̂0; ̂)→ (’̂0; ̂) ◦ m̂ ̂ are 2-cells in U-Alg.
Eq. (7) gives us the proof of next lemma.
Lemma 6.3. (̂; ̂) : ( ′′; ’′′; ′′)→ ( ̂ ; ’̂; ̂) is a 1-cell in D̂-Alg.
By the way we induced  ̂ and ’̂, it is clear that $ is simultaneously a 2-cell in
U-Alg and a 2-cell in D-Alg. Therefore we obtain a 2-cell
in D̂-Alg. Furthermore
((̂; ̂); ’)∈Psd[Xop;Cat](J−; D̂-Alg(X; ( ̂ ; ’̂; ̂)));
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as in [2], since the necessary equations that the 2-cell ’ must satisfy are already
satisHed because (4) is a codescent object. We want to show that we have constructed
a codescent object of the codescent data X in D̂-Alg.
Lemma 6.4. For any object ( ′′′; ’′′′; ′′′) in D̂-Alg, the obvious functor
D̂-Alg(( ̂ ; ’̂; ̂); ( ′′′; ’′′′; ′′′))→ Psd[Xop;Cat](J−; D̂-Alg(X; ( ′′′; ’′′′; ′′′)))
is an equivalence of categories.
Proof. We see Hrst that it is full and faithful. Assume that
deHnes an arrow in the codomain. Therefore
deHnes an object in Psd[Xop;Cat](J−;U-Alg(GUX;  ′′′)). Since at this level we do
have a codescent object, there is a unique  :  → ′ in U-Alg such that P ◦ ̂ = .
We need to show that P deHnes a 2-cell at the level of D-Alg. But this is not diNcult
when we observe that it suNces to show that the corresponding equation is satisHed
when preceded by D̂0, since we have an absolute codescent object at the level of K.
Therefore the functor is full and faithful.
We show now that it is essentially surjective on objects. Let
be an object in the codomain. Then
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is an object in Psd[Xop;Cat](J−;U-Alg(GUX;  ′′′)). At this level we do have a code-
scent object, therefore there is a 1-cell  :  ̂ →  ′′′ and an invertible 2-cell
in U-Alg, such that
With the same underlying 0 :Q → K ′′′, we need to produce a 1-cell & : ’̂ → ’′′′ in
D-Alg. DeHne &0 = 0 and, using that D of (4) is a codescent object, deHne &1 :  ′′′0 ◦
D&0 → &0 ◦ ’̂0 as the only 2-cell such that
(8)
Lemma 6.5. &= (&0; &1) is a 1-cell & : ’̂→ ’′′′ in D-Alg.
Proof. We only do the equation
As before, it suNces to show that both pastings are the same when preceded by DD̂0.
Begin on the left preceded by DD̂0, and substitute D&1 ◦ DD̂0 by the pasting of
DD', 1, D'−1 and D̂1, using (8). Next, substitute the pasting of D̂−11 and ’̂2 by
the pasting of ̂1, ’′′2 , ̂1 and m̂0 . Use (8) again on the pasting of D'
−1, &1 and ̂1.




0 and 1. Substitute
the pasting of DD' and m−10 by the pasting of m
−1
&0
, m−1̂0 and D'. Finally, observe that
the pasting of D', 1, '−1 and ̂1 is equal to &1.
We have shown Proposition 6.1. Therefore
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Theorem 6.6. The comparison functor D̂-Alg→ V-Alg is a bi-equivalence.
7. The pseudo 2-inverse to the comparison functor D̂-Alg→ V-Alg
As pointed out in the introduction, we actually have pseudo 2-inverse to the compar-
ison functor. In this section we limit ourselves to the presentation of the corresponding
2-functor V-Alg→ D̂-Alg. Assume we have
in V-AlgX, with  deHned over K and ′ deHned over K ′. The U-algebra structure of
the image of  is given by the following 2-cells:
whereas the D-algebra part is given by
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and the 2-cell corresponding to the third coordinate of the image of  is
The image of  corresponds to the following 2-cells:
Finally, the image of  is .
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